Introduction

1.1
The nilpotent blocks over an algebraically closed field of characteristic p > 0 were introduced in [2] as a translation for blocks of the well-known Frobenius Criterion on p-nilpotency for finite groups. They correspond to the simplest situation with respect to the so-called fusion inside a defect group, and the structure of the source algebras of the nilpotent blocks determined in [9] confirms that these blocks represent indeed the easiest possible situation.
1.2 However, when the field of coefficients is not algebraically closed, together with Fan Yun we have seen in [3] that, in the general situation, the structure of the source algebra of a block which, after a suitable scalar extension, decomposes in a sum of nilpotent blocks -a structure that we determine in [3] -need not be so simple . 1.3 At that time, we already knew some examples of a similar fact in group extensions, namely that a non-nilpotent block of a normal subgroup H of a finite group G may decompose in a sum of nilpotent blocks of G . In this case, we also have been able to describe the source algebra structure, which is quite similar to (but easier than) the structure described in [3] . With a big delay, we explain this result here.
1.4 Actually, this phenomenon is perhaps better described by saying that a normal sub-block of a nilpotent block need not be nilpotent . However, the normal sub-blocks of nilpotent blocks are quite special: they are basically Morita equivalent [15, §7] to the corresponding block of their inertial subgroup. Then, as a matter of fact, a normal sub-block of such a block still fulfills the same condition.
1.5 Thus, let us call inertial block any block of a finite group that is basically Morita equivalent [15, §7] to the corresponding block of its inertial subgroup; as a matter of fact, in [12, Corollaire 3.6] we already exhibit a large family of inertial blocks; see also [14, Appendix] . The main purpose of this paper is to prove that a normal sub-block of an inertial block is again an inertial block . Since a nilpotent block is basically Morita equivalent to its defect group [9, Theorem 1.6 and (1.8.1)], and the corresponding block of its inertial subgroup is also nilpotent, a nilpotent block is, in particular, an inertial block and thus, our main result applies.
2 Quoted results and inertial blocks 2.1 Throughout this paper p is a fixed prime number, k an algebraically closed field of characteristic p and O a complete discrete valuation ring of characteristic zero having the residue field k . Let G be a finite group; following Green [5] , a G-algebra is a torsion-free O-algebra A of finite O-rank endowed with a G-action; we say that A is primitive if the unity element is primitive in A G . A G-algebra homomorphism from A to another G-algebra A ′ is a not necessarily unitary algebra homomorphism f : A → A ′ compatible with the G-actions. We say that f is an embedding whenever Ker(f ) = {0} and Im(f ) = f (1 A )A ′ f (1 A ) 2.1.1, and that f is a strict semicovering if f is unitary, the radical J(A) of A contains Ker(f ) and, for any p-subgroup P of G , J(A ′P ) contains f J(A P ) and f (i) is primitive in A ′P for any primitive idempotent i of A P [6, §3].
2.2
Recall that, for any subgroup H of G , a point α of H on A is an (A H ) * -conjugacy class of primitive idempotents of A H and the pair H α is a pointed group on A [7, 1.1]; if H = {1} , we simply say that α is a point of A . For any i ∈ α , iAi has an evident structure of H-algebra and we denote by A α one of these mutually (A H ) * -conjugate H-algebras and by A(H α ) the simple quotient of A H determined by α ; we call multiplicity of α the square root of the dimension of A(H α ) . If f : A → A ′ is a G-algebra homomorphism and α ′ a point of H on A ′ , we call multiplicity m(f )
′ f (i) together with the unitary H-algebra homomorphism induced by f and the embedding of H-algebras
A second pointed group K β on A is contained in H α if K ⊂ H and, for any i ∈ α , there is j ∈ β such that [7, 1.1] 
2.3 Following Broué, for any p-subgroup P of G we consider the Brauer quotient and the Brauer homomorphism [1, 1.2]
where Q runs over the set of proper subgroups of P , and call local any point γ of P on A not contained in Ker(Br A P ) [7, 1.1] . Recall that a local pointed group P γ contained in H α is maximal if and only if Br P (α) ⊂ A(P γ ) NH (Pγ ) P [7, Proposition 1.3] and then the P -algebra A γ -called a source algebra of A α -is Morita equivalent to A α [17, 6.10] ; moreover, the maximal local pointed groups P γ contained in H α -called the defect pointed groups of H α -are mutually H-conjugate [7, Theorem 1.2].
Let us say that
A is a p-permutation G-algebra if a Sylow p-subgroup of G stabilizes a basis of A [1, 1.1]. In this case, recall that if P is a p-subgroup of G and Q a normal subgroup of P then the corresponding Brauer homomorphisms induce a k-algebra isomorphism [1, Proposition 1.5]
moreover, choosing a point α of G on A , we call Brauer (α, G)-pair any pair (P, e A ) formed by a p-subgroup P of G such that Br A P (α) = {0} and by a primitive idempotent e A of the center Z A(P ) of A(P ) such that
note that any local pointed group
Then, it follows from Theorem 1.8 in [1] that the inclusion between the local pointed groups on A induces an inclusion between the Brauer (α, G)-pairs; explicitly, if (P, e A ) and (Q, f A ) are two Brauer (α, G)-pairs then we have
whenever there are local pointed groups P γ and Q δ on A fulfilling
Actually, according to the same result, for any p-subgroup P of G , any primitive idempotent e A of Z A(P ) fulfilling e A ·Br A P (α) = {0} and any subgroup Q of P , there is a unique primitive idempotent f A of Z A(Q) fulfilling e A ·Br A P (α) = {0} and (Q, f A ) ⊂ (P, e A ) 2.5.3.
Once again, the maximal Brauer (α, G)-pairs are pairwise G-conjugate [1, Theorem 1.14].
2.6 Here, we are specially interested in the G-algebras A endowed with a group homomorphism ρ : G → A * inducing the action of G on A , called G-interior algebras; in this case, for any pointed group H α on A , A α = iAi has a structure of H-interior algebra mapping y ∈ H on ρ(y)i = iρ(y) ; moreover, setting x·a·y = ρ(x)aρ(y) for any a ∈ A and any x, y ∈ G , a G-interior algebra homomorphism from A to another G-interior algebra A ′ is a G-algebra homomorphism f : A → A ′ fulfilling f (x·a·y) = x·f (a)·y 2.6.1.
2.7
In particular, if H α and K β are two pointed groups on A , we say that an injective group homomorphism ϕ : K → H is an A-fusion from K β to H α whenever there is a K-interior algebra embedding
such that the inclusion A β ⊂ A and the composition of f ϕ with the inclusion A α ⊂ A are A * -conjugate; we denote by F A (K β , H α ) the set of H-conjugacy classes of A-fusions from K β to H α and, as usual, we write 
and if H is a p-group then we consider the k * -groupF A (H α ) defined by the pull-back
2.8 Recall that, for any subgroup H of G and any H-interior algebra B , the induced G-interior algebra is the induced bimodule
endowed with the distributive product defined by the formula
where x, y, x ′ , y ′ ∈ G and b, b ′ ∈ B , and with the structural homomorphism
where y ∈ G runs over a set of representatives for G/H .
2.9
Obviously, the group algebra OG is a p-permutation G-interior algebra and, for any primitive idempotent b of Z(OG) -called an O-block of G -the conjugacy class α = {b} is a point of G on OG . Moreover, for any p-subgroup P of G , the Brauer homomorphism Br P = Br kG P induces a k-algebra isomorphism [10, 2.8.4] kC G (P ) ∼ = (OG)(P ) 2.9.1; thus, up to identification throughout this isomorphism, in a Brauer ({b}, G)-pair (P, e) as defined above -called Brauer (b, G)-pair from now on -e is nothing but a k-block of C G (P ) such that eBr P (b) = 0 . Settinḡ
recall that the imageē of e in kC G (P ) is a k-block ofC G (P ) and that the Brauer First Main Theorem affirms that (P, e) is maximal if and only if the k-algebra kC G (P )ē is simple and the inertial quotient
is a p ′ -group [17, Theorem 10.14].
2.10 For any p-subgroup P of G and any subgroup H of N G (P ) containing P ·C G (P ) , we have
and therefore any k-block e of C G (P ) determines a unique point β of H on OG (cf. 2.2) such that H β contains P γ for a local point γ of P on OG fulfilling [9, Lemma 3.9] e·Br P (γ) = {0} 2.10.2.
Recall that, if Q is a subgroup of P such that C G (Q) ⊂ H then the k-blocks of C G (Q) = C H (Q) determined by (P, e) from G and from H coincide [1, Theorem 1.8]. Note that if P is normal in G then the kernel of the obvious k-algebra homomorphism kG → k(G/P ) is contained in the radical J(kG) and contains Ker(Br P ) ; thus, in this case, isomorphism 2.9.1 implies that any point of P on kG is local.
2.11
Moreover, for any local pointed group P γ on OG , the action of N G (P γ ) on the simple algebra (OG)(P γ ) (cf. 2.2) determines a central k * -extension or, equivalently, a k * -groupN G (P γ ) [10, §5] and it is clear that the Brauer homomorphism Br P determines a N G (P γ )-stable injective group homomorphism from C G (P ) toN G (P γ ) . Then, up to a suitable identification, we set 
2.12 In particular, a maximal local pointed group P γ on OGb determines a k-block e of C G (P ) , which is still a k-block of the group
2.12.1 -called the inertial subgroup of b -and also determines a unique point ν of N on OGb such that P γ ⊂ N ν (cf. 2.10); obviously, we have E = E G (P γ ) (cf. 2.9.3), P γ is still a defect pointed group of N ν and (P, e) is a maximal Brauer (ê, N )-pair, whereê denotes the O-block of N lifting e . As above, N acts on the simple k-algebra (cf. 2.9)
and therefore we get k * -groupsN andÊ
2.13 Moreover, since E is a p ′ -group, it follows from [17, Lemma 14.10] that the short exact sequence
splits and that all the splitings are conjugate to each other; thus, any spliting determines an action of E on P and it is easily checked that the semidirect products
do not depend on our choice. At this point, it follows from [10, Proposition 14.6] that the source algebra of the blockê of N is isomorphic to the P -interior algebra O * L , and therefore it follows from [3, Proposition 4.10] that the multiplication in OGb by a suitable idempotent ℓ ∈ ν determines an injective unitary P -interior algebra homomorphism
2.14 On the other hand, a Dade P -algebra over O is a p-permutation P -algebra S which is a full matrix algebra over O and fulfills S(P ) = {0} [11, 1.3] . For any subgroup Q of P ,
14.1
and therefore Res P Q (S) is a Dade Q-algebra; moreover, it follows from [11, 1.8] that the Brauer quotient S(Q) is a DadeN P (Q)-algebra over k ; thus, Q has a unique local point on S . In particular, if S is primitive (cf. 2.1) then S(P ) ∼ = k and therefore we have dim(S) ≡ 1 (mod p) 2.14.2, so that the action of P on S can be lifted to a unique group homomorphism from P to the kernel of the determinant det S over S ; at this point, it follows from [11, 3.13] that the action of P on S always can be lifted to a welldetermined P -interior algebra structure for S .
Recall that a block b of G is called nilpotent whenever the quotients
by the main result in [9] , the block b is nilpotent if and only if, for a maximal local pointed group P γ on OGb , P stabilizes a unitary primitive Dade P -subalgebra S of (OGb) γ fulfilling
where we denote by SP the obvious O-algebra u∈P Su and, for the righthand isomorphism, we consider the well-determined P -interior algebra structure for S .
2.16 Now, with the notation in 2.12 above, we say that the block b of G is inertial if it is basically Morita equivalent [15, 7.3 ] to the corresponding blockê of the inertial subgroup N of b or, equivalently, if there is a primitive Dade P -algebra S such that we have a P -interior algebra embedding [15, Theorem 6.9 and Corollary 7.4]
Note that, in this case, in fact we have a P -interior algebra isomorphism
and the Dade P -algebra S is uniquely determined ; indeed, the uniqueness of S follows from [19, Lemma 4.5] and it is easily checked that
and that the kernel of the Brauer homomorphism Br S⊗OO * L P is contained in the radical of S ⊗ O O * L , so that this P -interior algebra is also primitive.
3 Normal sub-blocks of inertial blocks 3.1 Let G be a finite group, b an O-block of G and (P, e) a maximal Brauer (b, G)-pair (cf. 2.9). Let us say that an O-block c of a normal subgroup H of G is a normal sub-block of b if we have cb = 0 ; we are interested in the relationship between the source algebras of b and c , specially in the case where b is inertial .
Note that we have bTr
G
Gc (c) = b where G c denotes the stabilizer of c in G ; since we know that eBr P (b) = 0 (cf. 2.9), up to modifying our choice of (P, e) we may assume that P stabilizes c ; then, considering the G-stable semisimple k-subalgebra x k·bc x of kG , where x ∈ G runs over a set of representatives for G/G c , it follows from [19, Proposition 3.5] that bc is an O-block of G c and that P remains a defect p-subgroup of this block, and then from [19, Proposition 3 .2] that we have
so that the source algebras of the O-block b of G and of the block bc of G c are isomorphic.
3.3 Thus, from now on we assume that G fixes c , so that we have bc = b . Then, note that α = {c} is a point of G on OH (cf. 2.2), so that, choosing a block e H of C H (P ) such that e H e = 0 , (P, e H ) is a Brauer (α, G)-pair (cf. 2.4 and 2.9.1) and it follows from the proof of [18, Proposition 15 .9] that we may choose a maximal Brauer (c, H)-pair (Q, f H ) fulfilling
Now, denote by γ G and δ the respective local points of P and Q on OG and OH determined by e and f H ; as above, let us denote by F the inertial quotient of c ; that is to say, we set (cf. 2.9 and 2.11)
3.4 Since we have eBr P (f H ) = 0 and f H is P -stable, from the obvious commutative diagram
we get a local point δ G of Q on OG such that the multiplicity m
is not zero and Q δ G is contained in P γ G ; similarly, we get a local point γ of P on OH fulfilling
At this point, the following commutative diagram (cf. 2.2.1)
where all the Q-interior algebra homomorphisms but the horizontal ones are embeddings, already provides some relationship between the source algebras of b and c (cf. 2.2).
3.5 If R ε is a local pointed group on OH , we set
and denote by b(ε) the block of C H (R) determined by ε , and byb(ε) the image of b(ε) in kC H (R) = k C H (R)/Z(R) ; recall that we have a canonical
Moreover, note that if ε G is a local point of R on OG such that m
indeed, the restriction to C H (R) of a simple kC G (R)-module determined by ε G is semisimple (cf. 2.9.1) and therefore C G (R) acts transitively on the set of local points ε ′ of R on OH such that m
Then, we also define
and, according to the very definition of the k
Now, this isomorphism and the corresponding isomorphism 3.5.2 determine a k-algebra isomorphism
and induce a bijection between the set of local points δ G of Q on OGb such that m δ G δ = 0 and the set of points of the k-algebra (k * Ẑ )
•b δ where we denote byBr Q (b) the image of Br Q (b) in kC G (Q) and byb δ the image of
(f H ) in the right-hand member of isomorphism 3.6.5.
Proposition 3.7 With the the notation above, the idempotentb δ is primi-
P it is easily checked that
and, in particular, we have Br Q (OG)
which amounts to saying that N G (Q) acts transitively over the set of k-blocks 
P remains a primitive idempotent and that, denoting byγ G the point of P on kC G (Q) determined byBr Q (i) , PγG remains a maximal local pointed group on the N G (Q)-algebra kC G (Q) . and that PγG is also a maximal local pointed group on the
But, it follows from isomorphism 3.6.4 that we have
and therefore, since evidently ib = i , PγG determines a maximal local pointed group Pγ G on (k * Ẑ )
•b δ [9, Theorem 5.3 and Proposition 5.9]. Moreover, if E G (Q δ ) acts trivially onẐ thenb δ is a block ofẐ and all the maximal local pointed groups on the N G (Q δ )-algebra (k * Ẑ )
•b δ are mutually N G (Q δ )-conjugate (cf. 2.5); in this case, since N G (Q δ ) acts trivially on the set of points of the k-algebra (k * Ẑ )
δ , which amounts to saying that any idempotentî ∈γ G has a nontrivial image in all the simple quotients of (k * Ẑ )
•b δ (cf. 2.2.2), and the last statement follows from 3.6.
Proposition 3.8 Let δ
G be a local point of Q on OG such that m
and
Proof: It is quite clear that F and Z are normal subgroups of the quotient N G (Q δ )/Q·C H (Q) and therefore their converse imagesF andẐ in the quotientN G (Q δ )/Q·C H (Q) still normalize each other; but, since we have
their commutator is contained in k * ; hence, indentifying Hom(Z, k * ) with the group of the automorphisms of the k * -groupẐ which act trivially on Z , we easily get homomorphism 3.8.1.
In particular, Ker(̟) acts trivially on the k * -groupẐ and therefore, since its action is compatible with the bijection in 3.6 above, it is contained in E H (Q δ G ) ; hence, since the p
and it is quite clear that the kernels respectively coincide withK δ andK δ G ; consequently, the kernel of the surjective group homomorphism
is canonically isomorphic to Hom F/E H (Q δ G ), k * . We are done.
3.9 Assume that b is an inertial block of G or, equivalently, that there is a primitive Dade P -algebra S such that, with the notation in 2.13 above, we have a P -interior algebra isomorphism
where we consider S endowed with the unique P -interior algebra structure fulfilling det S (P ) = {1} (cf. 2.14). In this case, it follows from [6, Lemma 1.17] and [8, proposition 2.14 and Theorem 3.1] that (cf. 2.8)
and, in particular, that S is E-stable [8, Proposition 2.18]. Moreover, since we have a P -interior algebra embedding (cf. 2.14)
we still have a P -interior algebra embedding
3.10 Conversely, always with the notation in 2.13, assume that S is an E-stable Dade P -algebra or, equivalently, that E is contained in F S (P π ) where π denotes the unique local point of P on S (cf. 2.14); since we have [9, Proposition 5.9] 
whereπ andγ G denote the respective images of π and γ G in k S
• and kG , which is a conjugate of the reduction to k of homomorphism 3.10.3. Now, embedding 3.9.3 and the structural embedding
determine P -interior algebra embeddings
thus, since P has a unique local point on S ⊗ S • ⊗ O (OG) γG [9, Theorem 5.3], we get a P -interior algebra embedding
which proves that b is inertial. We are done.
3.12 With the notation above, assume that the block b is inertial; then, denoting by χ the unique local point of Q on S (cf. 2.14) and by δ G a local point of Q on OGb such that m
but, the image of Q in (S χ ) * need not be contained in the kernel of the corresponding determinant map. Note that, as above, it follows from this embedding and from [6, Lemma 1.17] and [8, Proposition 2.14 and Theorem 3.1] that
so that the Dade Q-algebra S χ is E G (Q δ G )-stable; as in 2.13 above, let us consider the corresponding semidirect products
We are ready to state our main result.
Theorem 3.13 With the notation above, assume that the block b of G is inertial. Then, there is a Q-interior algebra isomorphism
and, in particular, the block c of H is inertial too.
Proof:
We argue by induction on |G/H| ; in particular, if H ′ is a proper normal subgroup of G which properly contains H , it suffices to choose a block c ′ of H ′ fulfilling c ′ b = 0 to get c ′ c = 0 and the induction hypothesis successively proves that the block c ′ of H ′ is inertial and then that the block c is inertial too; moreover, setting Q ′ = H ′ ∩ P , the corresponding Dade Q ′ -algebra comes from S and therefore the final Dade Q-algebra also comes from S . Consequently, since G fixes c , it follows from the Frattini argument that we have (cf. 2.3)
and therefore we may assume that either
Firstly assume that C G (Q δ ) ⊂ H ; in this case, it follows from [18, Proposition 15.10] that b = c ; moreover, since C G (Q δ ) = C H (Q) , it follows from 3.6
above that Q has a unique local point δ G on OGb such that m δ G δ = 0 , and from isomorphism 3.6.4 that we have
in particular, N G (Q δ ) normalizes Q δ G and therefore the inclusion 3.5.3 becomes an equality
thus, since F is obviously contained in E G (Q δ ) , S χ is F -stable too. Consequently, according to Proposition 3.11, it suffices to prove that
As in 3.12 above, the P -interior algebra embedding 3.9.4 induces a Q-interior algebra embedding [9, Theorem 5.3] (O * L )δL −→ S 
In particular, it follows from [8, Proposition 2.12] that for any x ∈ N G (Q δ ) there is s x ∈ (S χ ) * fulfilling s x ·u = u x ·s x 3.13.9
for any u ∈ Q , and therefore, choosing a set of representatives X ⊂ N G (Q δ ) for G/H (cf. 3.13.2), we get an OQ-bimodule direct sum decomposition
But, for any x ∈ N G (Q δ ) , the element s x ⊗ x normalizes the image of Q in S
• χ ⊗ O OH and it is clear that it also normalizes the local point χ × δ of Q on this Q-interior algebra; more precisely, if S χ = ℓSℓ for ℓ ∈ χ and (OH) δ = j(OH)j for j ∈ δ , there is j ′ ∈ χ × δ such that [9, Proposition 5.6]
thus, for any x ∈ N G (Q δ ) the idempotent j ′sx⊗x still belongs to χ × δ and therefore there is an inversible element a x in (S
so that we get the new OQ-bimodule direct sum decomposition
Moreover, the equality in 3.13.8 forces the group E G (Q δ ) = E G (Q δ G ) to have a normal Sylow p-subgroup and therefore, since we are assuming that C G (Q δ ) ⊂ H , it follows from equality 3.13.2 that the quotient G/H also has a normal Sylow p-subgroup. At this point, arguing by induction, we may assume that G/H is either a p-group or a p ′ −group. 
, it is easily checked that Q χ×δ G ⊂ P π×γ G , where as above π is the unique local point of P on S , and therefore we get the Q-interior algebra embedding (cf. embeddings 2.2.3 and 3.9.4)
in particular, it follows from equality 3.13.13 that we have
Moreover, we have |X| = |G/H| = |P/Q| and, since C P (Q) ⊂ Q , it follows from [4, Ch. 5, Theorem 3.4] that a subgroup of E ⊂ L which centralizes Q = H ∩ P still centralizes P , so that E acts faithfully on Q ; in particular,
O * L }) and therefore, since (cf. 3.13.4 and 3.13.8)
and E G (Q δ )/F is a p-group, the p ′ -group E is actually isomorphic to F .
Consequently, it follows from the inequalities 3.10.4 and 3.13.16 that
which forces equality 3.13.6. Secondly assume that G/H is a p ′ -group; in this case, we have Q = P , δ = γ and δ G = γ G ; in particular, since we are assuming that
we actually get
Moreover, we claim that, as above, the idempotent j ′ remains primitive in (S ⊗ O OG) P †, so that it belongs to π × γ G ; indeed, setting
′ belongs to π × γ G and we may assume that
13.22. † The corresponding argument has been forgotten in [18] at the end of the proof of Propo-
It is clear that the multiplication by B ′ on the left and the action of P by conjugation endows A ′ with a B ′ P -module structure and, since the idempotent j ′ is primitive in B ′P , equality 3.13.13 provides a direct sum decomposition of A ′ in indecomposable B ′ P -modules. More explicitly, note that B ′ is an indecomposable B ′ P -module since we have End B ′ P (B ′ ) = B ′P ; but, for any x ∈ X , the inversible element
of A ′ together with the action of x on P determine an automorphism g x of B ′ P ; thus, equality 3.13.13 provides the following direct sum decomposition on indecomposable B ′ P -modules
Res gx (B ′ ) 3.13.24.
Moreover, we claim that the B ′ P -modules Res gx (B ′ ) and Res
is necessarily determined by the multiplication on the right by an inversible element
′ for any u ∈ P , which amounts to saying that the automorphism of P determined by the conjugation by
is a B ′ -fusion from P γ to P γ [8, Proposition 2.12]; but, once again from [6, Lemma 1.17] and [8, Proposition 2.14 and Theorem 3.1] we get 
and therefore, once again applying [8, Proposition 2.12], for any y ∈ N G (P γ G ) there is an inversible element c
for any u ∈ P ; then, for any x ′ ∈ X , it is clear that
, which forces the equality of the O-ranks of A ′ i ′ and A ′ , so that A ′ i ′ = A ′ and i ′ = j ′ , which proves our claim. Consequently, it follows from the equalities 3.13.13 and 3.13.20 that
13.30, so that equality 3.13.6 holds.
From now on, we assume that H·C G (Q δ ) = G ; in particular, C G (Q) stabilizes δ , we have E G (Q δ ) = E H (Q δ ) = F and we can choose the set of representatives X for G/H contained in C G (Q) , so that this time we get the OQ-bimodule direct sum decomposition
3.13.31.
Since any z ∈ C G (Q) stabilizes δ , choosing again ℓ ∈ χ , j ∈ δ and j ′ ∈ χ × δ such that [9, Proposition 5.6]
there is an inversible element a z in (OH) Q fulfilling j z = j az ; consequently, with the notation above, from these choices and equality 3.13.31 we have
As in Proposition 3.8, denote byK δ the converse image inĈ G (Q) of the fixed points of F inẐ and by
, H·K δ is a normal subgroup of G and therefore, arguing by induction, we may assume that it coincides with H or with G .
Firstly assume that H·K δ = G ; in this case, since we have
F acts trivially onẐ and we have
2); consequently, according to Proposition 3.11, once again it suffices to prove that
For any z ∈ C G (Q) , the element z(a z ) −1 stabilizes j(OH)j = (OH) δ and actually it induces a Q-interior algebra automorphism g z of the source algebra (OH) δ ; but, symmetrically, C G (Q) acts trivially on [8, Proposition 2.14 and
hence, it follows from [10, Proposition 14.9 ] that g z is an inner automorphism and therefore, up to modifying our choice of a z , we may assume that z(a z )
centralizes (OH) δ ; then, for any x ∈ X the element 1 S ⊗ x(a x ) −1 centralizes
13.36. and therefore, denoting by C the centralizer of B ′ in A ′ , it follows from equality 3.13.33 that we have
and then it follows from isomorphism 3.6.4 that
At this point, for any local point δ G of Q on OGb such that m
thus, since the respective multiplicities (cf. 2.2) of pointsδ G and Br
coincide each other, we finally get 
3.13.45
and therefore from equality 3.13.44 we get
which proves that c is inertial.
Finally, assume that K δ = C H (Q) ; in this case, since the commutator
13.47, the quotient G/H is an Abelian p ′ -group and, in particular, we have P = Q . But, since with our choices above we still have (cf. 3.13.33)
where the element x(a x ) −1 determines a Q-interior algebra automorphism of (OH) δ , it suffices to consider the k * -group
to get the Q-interior algebra (OG) δ as the crossed product [3, 1.6] 
is split and therefore, for a suitable central k * -extension G/H of G/H , we still get an evident Q-interior algebra isomorphism
at this point, it suffices to compute the Brauer quotients at Q of both members to get
and therefore, comparing this k-algebra isomorphism with isomorphism 3.6.4, we obtain a Q-interior algebra isomorphism
for a suitable action of Z over (OH) δ defined, up to inner automorphisms of the Q-interior algebra (OH) δ , by the group homomorphism
induced by the commutator inN G (Q δ )/Q·C H (Q) [10, Proposition 14.9] . Similarly, considering the trivial action of Z over S , we also obtain the Q-interior algebra isomorphism
hence, arguing as above, we finally obtain a Q-interior algebra isomorphism
Moreover, since the k-algebra k * Ẑ is now semisimple, for any pair of primitive idempotentsî andî
, in the first case from isomorphism 3.13.56 we get
whereas in the second case we simply getî(S • ⊗ O OG)î ′ = {0} ; hence, since isomorphism 3.13.57 implies that
Consequently, throughout isomorphisms 3.13.64, F acts on the Q-interior algebra S ⊗ O O * L and therefore it acts on the quotient
but, k * Ê has a trivial Q-interior algebra structure and it is semisimple, so that we have
where θ runs over the set of points of k * Ê , and then any tensor product
hence, F permutes these Dade Q-algebras which amounts to saying that it fixes the similarity class of S ⊗ O k ; finally, it follows from [11, 1.5.2] that S is also F -stable. We are done.
4 Normal sub-blocks of nilpotent blocks 4.1 With the notation of section 3, assume now that the block b of G is nilpotent; since we already know that (OG) γ ∼ = S ⊗ O OP for a suitable Dade P -algebra S [9, Main Theorem], the block b is also inertial and therefore we already have proved that the normal sub-block c of H is inertial too; let us show with the following example -as a matter of fact, the example which has motivated this note -that the block c need not be nilpotent.
Example 4.2 Let F be a finite field of characteristic different from p , q the cardinal of F and E a field extension of F of degre n = 1 ; denoting by Φ n the n-th cyclotomic polynomial , assume that p divides Φ n (q) but not q − 1 , that Φ n (q) and q − 1 have a nontrivial common divisor r -which has to be a prime number † -and that n is a power of r . For instance, the triple (p, q, n) could be (3, 5, 2) , (5, 3, 4) , (7, 4, 3) . . . Set G = GL F (E) and H = SL F (E) , and respectively denote by T and by W the images in G of the multiplicative group of E and of the Galois group of the extension E/F ; since p does not divide q − 1 , T ∩ H contains the Sylow p-subgroup P of T and, since p divides Φ n (q) , we have C G (P ) = T and N G (P ) = T ⋊ W 4.2.1;
consequently, since W acts regularly on the set of generators of a Sylow r-subgroup of T , a generator ϕ of the Sylow r-subgroup of Hom(T, C * ) determines a local point γ of P on OG such that N G (P γ ) = T = C G (P ) 4.2.2 † We thank Marc Cabanes for this remark.
and, by the Brauer First Main Theorem, P γ is a defect pointed group of a block b of G which, according to [13, Proposition 5.2] , is nilpotent by equality 4.2.2.
On the other hand, since r divides q − 1 , the restriction ψ of ϕ to the intersection T ∩ H = C H (P ) has an order strictly smaller than ϕ and therefore, since we clearly have N H (P )/C H (P ) ∼ = W 4.2.3, r divides |N H (P δ )/C H (P )| where δ denotes the local point of P on OH determined by ψ ; once again by the Brauer First Main Theorem, P δ is a defect pointed group of a block c of H , which is clearly a normal sub-block of the block b of G and it is not nilpotent since r divides |N H (P δ )/C H (P )| .
Corollary 4.3
A block c of a finite group H is a normal sub-block of a nilpotent block b of a finite group G only if it is inertial and has an Abelian inertial quotient.
Proof: We already have proved that c has to be inertial. For the second statement, we borrow the notation of Proposition 3.8; on the one hand, since the block b is nilpotent, we know that E G (Q δ G ) is a p-group; on the other hand, it follows from this proposition that E H (Q δ G ) is a normal subgroup of F and that F/E H (Q δ G ) is Abelian; since the inertial quotient F is a p ′ -group, we have E H (Q δ G ) = {1} and F is Abelian. We are done. Remark 4.4 Conversely, if P is a finite p-group and E a finite Abelian p ′ -group acting faithfully on P , the unique block ofL = P ⋊Ê for any central k * -extension of E is a normal sub-block of a nilpotent block of a finite group obtained as follows. Setting Z = Hom(E, k * ) 4.4.1, it is clear that Z acts faithfully onÊ fixing the k * -quotient E ; thus, the semidirect productÊ ⋊Z still acts on P and we finally consider the semidirect productM = P ⋊ (Ê ⋊ Z) =L ⋊ Z 4.4.2.
Then, we clearly have
and therefore any group homomorphism ε : Z → k * determines a local point of P on O * M -still noted ε ; but E acts on kZ , regularly permuting the set of its points; hence, we get NM (P ε ) = k * × P × Z 4.4.4
and therefore P ε is a defect pointed group of the nilpotent block {1 O * M } ofM .
